This study is an investigation of fully-developed laminar ow in a two-layer vertical channel; one part lled with couple stress nano uid and the other part with clear couple stress uid. The ow is examined for combined heat and mass transfer using uniform wall temperature and concentration boundary conditions. Optimal homotopy analysis method (OHAM) is used to solve the nonlinear coupled ordinary di erential equations (ODEs) governing the ow in each region. This method is based on the homotopy analysis method (HAM) which is an e ective method to analytically approximate the solution of highly nonlinear problems. The in uence of pertinent parameters is observed on velocity, temperature, and concentration distributions, speci cally, the e ect of Brownian parameter on couple stress uid is mentioned.
Introduction
It is well known that the nano uid properties a ect the convective ow and heat transfer such as thermal conductivity and viscosity. During the last decade, a groundbreaking procedure has been adapted widely to re ne the mechanism of heat transport with the use of ultra ne solid particles in the uids. The term nano uid was derived by Choi [1] which signi es the uids by suspending nanoscale (less than 1%) particles in the base uid increasing approximately two times the thermal conductivity of the uid. Nanotechnology played an innovator role in main industrial revolution of the century leading to many applications in electronic devices, space crafts, metrology, and arti cial organs etc. Khanafer et al. [2] were the rst ones to examine the heat transfer in nano uids enclosing the solid particle dispersal. Das et al. [3] presented a detailed review on nano uids in a book. Xu and Pop [4] examined the behavior of velocity and temperature distribution due to nanoparticle volume fraction for fully developed ow. Fan et al. [5] examined the mixed convection laminar ow of a nano uid driven by both the external pressure gradient and buoyancy force in a vertical canal.
Wide range applications of free, forced, and mixed convective heat transfer in a vertical channel directed enormous attention towards the designing of chemical processing devices, cosmological machinery, cooling structure in electronic machines, microelectronic cooling, and nuclear reactors cooled in emergency power cut, etc. With uniform wall temperatures, Tao [6] initiated the study of fully developed mixed convection in a vertical channel and later, his study was extended by Habchi and Acharya [7] to asymmetric heating. Likewise, Aung and Worku [8] examined developing ow and reversal ow in a vertical channel with asymmetric wall temperature, and later, for mixed convection ow with di erent wall temperatures, the results were presented in [9] . Altogether, the single-uid model is considered in above studies, whereas most of the technical and scienti c problems implicate multi uid ow situations such as magneto uid dynamics, petroleum industry, plasma physics, geophysics, etc. Nikodijevic et al. [10] studied the e ect of inclined magnetic eld on the ow and heat transfer of two immiscible uids. Recently, Umavathi et al. [11] investigated the threelayer unsteady ow in which porous media is sandwiched between viscous uids. Moreover, Farooq et al. examined the nano uids in two-layer channel for clear viscous and third grade-uids [12, 13] .
The non-Newtonian couple stress uid gained tremendous attention because of its extensive real life applications in ow problems and pioneer work in the literature in this regard has been added. Extrusion of polymer uids, cooling of metallic plates in a bath, rotating machinery, and so forth are the applications of couple stress uids. Firstly this uid was developed by Stokes [14] which preserves the body couples and couple stresses and presents the simplest generality of the conventional uid theory. Some two-dimensional ows with couple stresses were studied by Sajid et al. [15] . Hayat et al. [16] investigated the boundary layer ow of a couple stress uids over a stretching surface and the melting heat transfer. Ramzan et al. [17] presented an analysis of three-dimensional magnetohydrodynamics (MHD) ow of couple stress uid with Newtonian heating. Khan and colleagues have presented the approximate solution of the couple stress uid between expanding and contracting walls, the o -centered stagnation ow of a couple stress uid over a rotating disk and also the boundary layer ow of an electrically conducting couple stress uid over a non-linear stretching sheet [18] [19] [20] .
A signi cant approach for the analytical approximation of various linear and non-linear problems in terms of series solution has been presented by Liao [21, 22] and named as the homotopy analysis method (HAM). HAM serves to be a signi cant technique to solve many interesting problems [23] [24] [25] . Several modi cations in the vibrant HAM has been proposed till present, such as, modi ed homotopy analysis method (MHAM) [26, 27] , Spectral homotopy analysis method (SHAM) [28, 29] , optimal homotopy analysis method (OHAM) [30, 31] , Predictor homotopy analysis method (PHAM) [32, 33] , fractional homotopy analysis transform method (FHATM) [34, 35] , etc.
Up till now, together the non-Newtonian couple stress nano uid and non-Newtonian clear couple stress uid has certainly not been inspected in a two layer channel of vertical parallel plates. In each layer, the presence of nonNewtonian couple stress uid made the equations governing the motion of the uid, more complicated. The effects of primary uid parameters has been investigated in many researches cited in this paper; this study primarily focusses on the ow in a two-layer channel and explores the e ects of some important uid parameters such as buoyancy parameter, Brownian motion parameter and thermophoretic parameter.
In this paper, the coupled nonlinear ODEs governing the non-Newtonian uid motion in both regions are solved by using OHAM. For di erent orders of approximation, the residual errors and the convergence control parameters are obtained and the in uence of some important parameters on the uid velocity, temperature, and concentration distribution is presented graphically. Moreover, the uid behavior at interface is observed and discussed through tables.
Problem formulation
The Cauchy stress tensor governing the couple stresses in the uid presented initially by Stokes [14] is given by:
Here the couple stress tensor m ij and the Kronecker delta δ ij are de ned as:
Where, p is the pressure of the uid, ψ and µ are the viscosity coe cients, ∇ is the di erential operator, v is the velocity vector de ned in the Cartesian coordinates (x, y, z), η and η ′ are the couple stress viscosity coe cients, d ij is the rate of deformation tensor, m is the trace of couple stress tensor m ij , ε ijk is the alternating pseudo tensor, ω i,j is the spin tensor, ρ is the uid density, c k represents the body couple vector and
The constitutive equations for incompressible couple stress uid in the absence of the body couple is given by:
where,
Now, considering two vertical parallel plates extended in the direction of x-axis and z-axis and the ow between them is assumed to be steady, laminar and incompressible in the two layer form. Each layer is of width h with one region in the domain ≤ y ≤ h and is lled with clear couple stress uid having viscosity µ and density ρ . The other region is lled with couple stress nano uid with viscosity µ and density ρ in the domain −h ≤ y ≤ . The pressure gradient is presumed to be constant in both the regions but the temperatures on the boundary walls of the channel are kept di erent. Temperature on the right wall is maintained at T w and on the left wall at T w with T w > T w . The momentum and the energy equations in region-I with the assumptions made above by using Equations (1)- (3) are as follows:
And the equations governing the momentum and energy with nanoparticle volume fraction for region-II by taking into account Equations (1)- (3) are expressed as:
Where, i = , are the subscripts for region-I and region-II. u i is the x and ν i is the y-component of the velocity vector, Q i are the internal heat generations, ν i are the kinematic viscosities, β i are the thermal expansion coecients, T i are the temperatures, C is the nanoparticle volume fraction, g is the gravitational acceleration, D T is the thermophoretic di usion coe cient, D B is the Brownian di usion coe cient, τ = (ρcp)p (ρcp) f is the heat capacity ratio, and the subscripts p and f indicate the nanoparticle and the base uid respectively.
At the interface, the velocity, the temperature, the shear stress, the heat ux and the mass ux are supposed to be continuous. There exist no-slip boundary conditions on the velocity which causes the x-component of the velocity at the wall to fade away and there exist isothermal boundary conditions on the temperature. Altogether the above assumptions lead us to the following boundary conditions at heated walls and interface:
Here K i represent the thermal conductivities of regions I and II. We have used the concept of Buongiorno [36] for the concentration of nanoparticle from the coupled Equations (6)- (8) .
To convert the governing equations in dimensionless functions, the following essential dimensionless quantities are de ned:
Where u i represent the average velocities, θ i represent non-dimensional temperature functions in regions I and II, and ϕ represents the dimensionless concentration function in region II. By using the above mentioned nondimensional similarity variables, the governing system in Equations (4)-(8) are transformed to:
d ϕ dy
In above equations, ξ i = is the Brownian motion parameter in region-II which contains couple stress nano uid.
It can be noticed that in Equations (11) and (13), P and P are the pressure constants to be determined. For obtaining the equations independent of these pressure constants, we di erentiate these two equations with respect to y which takes the form as:
The corresponding dimensionless boundary conditions in Equation (9) takes the form: 
The prime physical quantities of signi cance are the local skin friction coe cient C f , the local Nusselt number Nu and the local Sherwood number S h are de ned, respectively
,
Where
νi is the local Reynolds number.
Analytical approximation by means of OHAM
An e cient analytical optimal homotopy analysis method (OHAM) is used in this study to solve the system for some optimal solutions by BVPh2.0 Mathematica package. The convergence control parameters and the residual errors of the series solutions are obtained. We select the auxiliary linear operators,
The above de ned auxiliary linear operators satisfy the following properties
where, c , c , . . . , c are the constants. The initial approximations satisfying the boundary conditions are:
Optimal convergence-control parameters
In HAM, it is observed that the terms u ,m (y), u ,m (y), θ ,m (y), θ ,m (y) and ϕm(y) carry the unknown convergence-control parameters u , u , θ , θ and ϕ which determine the convergence region and rate of the homotopy-series solutions. To determine the optimal values of u , u , θ , θ and ϕ we use the so called average squared residual error de ned by Liao [21, 22] . The results obtained from Equations (12), (14)- (17) are inserted in Equations (11) and (13) to determine the values of P and P . Table 1 presents the values of P , P and averaged squared residual errors at increasing number of iterations. It can be noticed that with the increment in no. of iterations, the solution converges more and more towards the exact solution as the error term seems to be reducing which ensures the accuracy of the solution as well as values of pressure constants.
Results and discussion
The e ects of all pertinent parameters of couple stress uid and nanoparticle volume fraction have been investigated on velocity, heat and mass transfer in each layer of a two layer vertical channel, one comprising of the clear couple stress uid and the other lled with couple stress nano uid. This section has been devoted to discuss the outcomes of the governing problem by plotting Figs. 2-9 , presenting the in uence of di erent parameters. The conciseness of the study has been maintained by considering
The behavior of mixed convection/buoyancy parameter λ on velocity of clear and couple stress nano uid in region-I and region-II respectively, is presented in Fig. 2 . Velocity of the uid showed parabolic pro le conquering maximum value at interface in the absence of buoyancy parameter λ i.e. λ = . But the large values of buoyancy parameter reversed the ow in the region of clear uid. Velocity pro les increased with the buoyancy parameter adjacent to the heated walls of the channel and decreased when it reached near interface. Therefore, for rest of the computations a large value of this parameter λ = is considered. Figures 3-5 depict the e ect of Brownian motion parameter N b on the velocity, temperature, and concentration pro les. It is observed that the increment in this parameter causes decline in the velocity of the uid near heated walls but reversed near interface (see Figure 3) .
From Figure 4 , it can be perceived that the in uence of increasing Brownian motion parameter decreases the heat transfer in both regions of the channel, but it is worth mentioning that initially the heat transfer is greater in the layer with clear uid near left heated wall but decline near interface, whereas it is minimal near right heated wall and rise near interface in the couple stress nano uid.
The mass transfer in couple stress nano uid increases with the rise in N b making it signi cant that the presence , θ = − . , θ = − . and ϕ = − . of nanoparticles supports the transfer of mass in the uid as shown in Figure 5 . The e ect of the thermophoretic parameter N t on mass transfer in couple stress nano uid is presented in Figure 6 and it is observed that maximum mass transfer phenomena in the region occurs near the heated wall and reduces to zero at interface. It is also noticed that the rise in thermophoretic parameter accelerates the mass transfer in the region. Variation in couple stress parameters ξ also cause change in uid motion, heat and mass transfer.
Velocity, temperature and concentration pro les for di erent values of couple stress parameters are depicted in Figures 7-9 respectively. Adverse velocity pro les are once again observed in Fig. 7 due to the presence of high buoyancy parameter but the impact of couple stress parameter on the motion of the uid near heated walls shows diminishing e ect but near interface it accelerated the uid motion in both regions.
It can also be observed that the acceleration in the uid near interface is more in region II as compare to clear uid. Temperature pro les of clear and nano uids are de- The behavior of local skin friction coe cient, local Nusselt number and the local Sherwood number for important physical parameters N b , N t have been observed at the heated walls of region-I, II and at interface. Table 2 presents the numerical values of these quantities for clear couple stress uid in region-I. It have been noticed that the magnitude of local skin friction near the heated wall of region-I decreases as N b , N t increases and same behavior have been observed at interface in region-I, the magnitude of local Nusselt number has been observed to be increasing for large values of N b , N t at interface. On the other hand, increase in the magnitude of local Nusselt number has been observed to be increasing for large values of N b but deceased for N t at the heated wall. Similarly, Table 3 shows the same behavior of the local skin friction coecient and the local Nusselt number. Numerical values of the local Sherwood number shows increasing behavior at interface with increase in N b , N t but at the heated wall, this physical quantity increases for N t and decreases for N b .
Conclusion
In this paper, we have investigated the ow and heat transfer on two-layer ow of couple stress uid. Fluid ow was considered in a vertical channel consisting of two regions, one lled with clear couple stress uid and other with couple stress nano uid. Analytical solution of the governing ODEs was obtained by using HAM and for this purpose Mathematica package BVPh 2.0 was used. The in uence of di erent pertinent parameters λ i , ξ i , Γ i , N b , N t , Pr i on uid ow, temperature, concentration pro les, the local skin friction, the local Nusselt number and the local Sherwood number are studied in details. Velocity pro les of both the uids were observed parabolic in the absence of convection parameter but reversed ow was observed for large values of convection parameter. Eckert numbers Γ i showed decreasing e ect on heat transfer and increasing e ect on mass transfer in both regions but couple stress parameters ξ i showed opposite behavior. In comparison with viscous uid the couple stress uid accelerated the uid ow but decelerated at interface.
